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In this work, we study two-body bound states in two-component Bose gas with a one-dimensional (1D) spin-
orbit coupling (SOC) induced by Raman lasers. The finite Raman coupling strength generates coupling among
three spin channels, resulting in the reconstruction of three bound-state bands. In addition, multiple resonances
can be induced at finite scattering lengths. By tuning the interaction in one intra-species channel, one bound-
state band can be lifted and three resonances can be achieved at different center-of-mass momenta (COMM),
which can be observable under current experimental conditions in 87Rb atoms.
Introduction. Synthetic spin-orbit coupling (SOC) is an im-
portant tool in the study ultracold quantum gases. There have
been a lot of experimental and theoretical studies on spin-orbit
coupled quantum gases during the past decade [1–4]. The 1D
SOC was first generated by dressing two hyperfine spin states
with a pair of lasers in a 87Rb Bose-Einstein condensate [5].
The similar scheme was also used to generate 1D SOC in
40K [6] and 6Li [7] Fermi gases. 2D SOC has been exper-
imentally realized in 40K gases with three Raman lasers [8]
and in 87Rb atoms with an optical Raman lattice [9]. Bose
gases with 1D SOC can condense into stripe phase, magne-
tized phase, or non-magnetized phase for different SOC pa-
rameters [5, 10, 11]. Fermi gases with SOC were predicted
to be unconventional superfluid at low temperatures [12–14].
Condensation of two-body bound states were predicted not
only in Fermi gases [15, 16], but also in Bose gases with
SOC [17].
How SOC affects bound-state formation and atom scat-
tering generally in a Bose gas with SOC is an important
and unanswered problem. Interactions between atoms can
be strongly altered by the light dressed with [18, 19]. Pre-
vious studies showed that in the case of fermions with 1D
SOC, finite Raman strength can shift the location of the Fesh-
bach resonance [19–22]. In a Bose gas with anisotropic SOC,
one can induce resonance by tuning the anisotropy of SOC
strengths [23]. In the case with Rashba SOC, the resonance
position can only be shifted in intra-species channels [17]. In
the case with Wely SOC, resonance positions of all three scat-
tering channels are shifted [24]. Nonetheless, in the case of
1D SOC with vanishing Raman coupling, the SOC does not
change either the resonance position or bound-state binding
energy.
In this work, we study two-body bound states in spin-1/2
Bose gas with 1D SOC at finite Raman coupling. The Ra-
man coupling can be viewed as the effective zeeman field
that causes spin-flipping processes. We find that three scatter-
ing channels are coupled together resulting in the formation
of three new bound-state bands. The finite Raman coupling
also induces resonances at finite scattering lengths. By tuning
the scattering length in one intra-species channel, one bound
state band can be lifted up and the resonance locations can be
shifted. We propose a scheme to observe this resonance in
87Rb system.
Model. We consider a two-component homogeneous Bose
gas with a Raman-induced SOC, described by the Hamilto-
nian H = H0+Hint. The single-particle term is given by
H0 = εk +
Ω
2
σx +(
h¯2k0
m
kx +
δ
2
)σz, (1)
where Ω is the Raman coupling strength, k0 is the SOC
strength, and δ is the detuning energy, σx and σz are Pauli
matrices, and εk = h¯
2k2/(2m). The recoil energy is de-
fined as Er = h¯
2k20/(2m). The single-particle Hamiltonian H0
can be diagonalized, yielding two helical excitation branches
ε±k = εk ±
√
Ω2/4+(h¯2k0kx/m+ δ/2)2. For simplicity, we
just consider the case with zero detuning. The energy mini-
mum of the lower branch ε−k is given by
Emin =
{
ε−±q0 =−Er−Ω2/(16Er), Ω < 4Er
ε−0 =−Ω/2, Ω > 4Er
, (2)
where q0 = k0
√
1−Ω2/(4Er)2 and k0 = k0xˆ. The spin-
dependent s-wave interactions between bosons are given by
Hint =
1
2V
∑
kk′qρρ ′
gρρ ′c
†
q+k′ρ c
†
q−k′ρ ′cq−kρ ′cq+kρ , (3)
where c†qρ is the creation operator of a boson with momentum
h¯q and spin component ρ =↑ or ↓. The s-wave coupling con-
stant gρρ ′ is related to the scattering length in the absence of
SOC aρρ ′ by the renormalization relation 1/gρρ ′ = 1/gρ ′ρ =
m(4pi h¯2aρρ ′)
−1−Λ with Λ = ∫ d3k(2pi)−3(2εk)−1.
Two-body bound state. The eigenequation of a two-body
bound state is given by H |ϕ〉= E2q |ϕ〉, where E2q and |ϕ〉=
1
2 ∑kρρ ′ φρρ ′(q,k)c
†
q+kρ c
†
q−kρ ′ |0〉 are bound state eigenenergy
and eigenstate with COMM 2q. From the eigenequation, we
obtain a set of linear equations for the coefficient φρρ ′(q,k)
MkqΦkq = G
1
V
∑
p
Φpq, (4)
where Φkq =
[
φ↑↑(q,k),φ↓↓(q,k),φ↑↓(q,k),φ↓↑(q,k)
]
⊺
, and
2the matrix Mkq is given by

ξkq− δ − 2hqx 0 −Ω/2 −Ω/2
0 ξkq + δ + 2hqx −Ω/2 −Ω/2
−Ω/2 −Ω/2 ξkq− 2hkx 0
−Ω/2 −Ω/2 0 ξkq + 2hkx


with ξkq = E2q− εk+q − εk−q, hkx = h¯2k0kx/m, and the cou-
pling matrix G is given by Gi j = (g↑↑δi1 + g↓↓δi2 + g↑↓δi3 +
g↑↓δi4)δi j . Eq. (4) can be further written as
Γ = G
1
V
∑
k
M−1kq Γ, (5)
where Γ = G 1
V ∑p Φpq. The eigenenergy E2q can be deter-
mined from the secular equation
det
(
G
1
V
∑
k
M−1kq − I
)
= 0, (6)
Eigenenergies of both two-boson and two-fermion bound
states satisfy Eq. (6). For two-boson bound state, Eq. (6) can
be further written as
det

A1− 1/a↑↑
√
2C1 C3√
2C1 A3− 1/a↑↓
√
2C2
C3
√
2C2 A2− 1/a↓↓

= 0, (7)
where A1,2,3 and C1,2,3 are functions of energy E2q, momen-
tum 2h¯q, and Ω, as given below,
mA1,2
4pi h¯2
=
1
V
∑
k
(ξkq± 2hqx)(ξ 2kq− 4h2kx)− ξkqΩ2/2
(ξ 2kq− 4h2qx)(ξ 2kq− 4h2kx)− ξ 2kqΩ2
+Λ,
mA3
4pi h¯2
=
1
V
∑
k
ξkq(ξ
2
kq− 4h2qx)
(ξ 2kq− 4h2qx)(ξ 2kq− 4h2kx)− ξ 2kqΩ2
+Λ,
mC1,2
4pi h¯2
=
1
V
∑
k
ξkq(ξkq± 2hqx)Ω/2
(ξ 2kq− 4h2qx)(ξ 2kq− 4h2kx)− ξ 2kqΩ2
,
mC3
4pi h¯2
=
1
V
∑
k
ξkqΩ
2/2
(ξ 2kq− 4h2qx)(ξ 2kq− 4h2kx)− ξ 2kqΩ2
. (8)
When the Raman strength Ω is finite, all the off-diagonal ma-
trix elements in Eq. (7) are finite, indicating that in the pres-
ence of Raman field, the three spin channels ↑↑,↓↓ and ↑↓mix
together.
In the zero Raman strength limit, C1,2,3 = 0, Eq. (7) is re-
duced to three independent equations. Three spin channels
are decoupled, and the bound-state energy depends only on
the scattering length of its spin channel, in the intra-species
channel
E2q
2Er
=
Emin
Er
− 1
k20a
2
ρρ
+(1± qx
2k0
)2+(
qyz
2k0
)2, (9)
and in the inter-species channel
E2q
2Er
=
Emin
Er
− 1
k20a
2
↑↓
+(
q
2k0
)2. (10)
(a) (b)
(c) (d)
FIG. 1. Energy bands of two-body bound states with symmetric in-
teractions a↑↑ = a↓↓ = a↑↓ = a. The three parabolic dashed lines
in each figure are energy bands at zero Raman strength as a refer-
ence, where the three spin channels are decoupled. The dimension-
less energy E¯q is defined as (Eq − 2Emin)/(2Er). (a) Energy bands
at Ω = 0.4Er and 1/(k0a) = 24, where the lowest band has three
minima. Formation of these new bands are due to couplings between
spin channels. (b) Energy bands at Ω= 2Er and 1/(k0a) = 24, where
the lowest band has only one minimum. (c) Energy bands at Ω = 4Er
and 1/(k0a) = 24, where two minima of middle band are merged. (d)
Energy bands at Ω = 4Er and 1/(k0a) = 2.4, where all the bands are
lifted up due to the increase in a.
As shown in Fig. 1, the minimum of the bound-state band in
the intra-species ↑↑ (↓↓) channel is located at COMM −2h¯k0
(+2h¯k0), while that in the inter-species ↑↓ channel is lo-
cated at zero COMM. Bound states composed of two spin-1/2
atoms behave as a single spin-1 particle with a pure 1D SOC,
h¯2k0kx
m
Fz, where Fz is the z-component spin operator for the
spin-1 bound state.
When Raman coupling strength is finite, the three parabolic
bands are reconstructed to three new disjoint energy bands. As
shown in Fig. 1(a), with symmetric interactions a↑↑ = a↓↓ =
a↑↓ = a, the lowest band has three minimum points located
near ±2k0 and 0 when Ω is very small. In such case, to
the first order of Ω, bound states can be approximated as a
spin-1 single particle with SOC described in Ref. [25]. As Ω
increases, two minimum points in the lowest band disappear
and only the one at zero is left, as shown in Fig. 1(b). When
Ω > 4Er, two minimum points in the middle band merge into
one, as shown in Fig. 1(c). When the scattering length a in-
creases, the bound states have less binding energy and all the
bands are lifted up, as shown in Fig. 1(d).
The bound-state bands also change with the asymmetry of
interactions. In an extreme case with a↓↓ = a↑↓ ≪ a↑↑, one
3(a)
(b)
FIG. 2. Bound-state bands with asymmetric interactions at Ω =
0.4Er and 1/(k0a↓↓) = 24. (a) For a↓↓ = a↑↓ = 100a0 , and a↑↑ =
1500a0 , with the Bohr radius a0, the top band is shown with the min-
imum located near −2k0 and the bottom two bands is shown in the
inset. (b) For a↓↓ = a↑↑ = 100a0 , and a↑↓ = 1500a0 , the top band
minimum is now located at zero momentum, while the bottom band
minimum are located near ±2k0 as shown in the inset.
band is lifted up with the band minimum located near COMM
−2h¯k0, as shown in Fig. 2(a). In another case with with
a↑↑ = a↓↓ ≪ a↑↓, one band is raised up with the band mini-
mum located at zero COMM , as shown in Fig. 2(b). In these
two cases, the middle band has only one minimum while the
bottom band has one or two minima depending on the Raman
strength Ω. The minimum energies of these two lower bands
are almost the same as the case of symmetric interactions with
the same a↑↓.
The bound-state wavefunctions can also be solved [26]. In
the case with asymmetric interactions a↑↑≫ a↓↓= a↑↓, we find
that at the bottom of top band, the bound state is largely made
of atom pairs with spin-↑↑ when the Raman strength is weak,
as shown in Table I. When the Raman strength increases to the
resonance point where the bound state energy equals to twice
the lowest atom energy, the bound state consists of atom pairs
with all the spin configurations.
Induced resonance. At zero Raman strength, the resonance
condition is the same as that without SOC, i.e. when the scat-
tering length diverges. At finite Raman strength, the reso-
nance condition changes due to the reconstruction of bound-
state bands. In experiments, atoms are often condensed in the
two single-particle states with the lowest energy. Since the
different spin channels are coupled at finite Raman strength,
the resonance occurs whenever the bound state energy satis-
fies E±2q0 = 2Emin or E0 = 2Emin. As a result, multiple res-
TABLE I. Bound states of the first band in the case of a↑↑ =
1500a0,a↓↓ = a↑↓ = 100a0 and 1/(k0a↓↓) = 24. The first two
columns are in unit of Er. The momentum is in unit of h¯k0.
Ω E2q−2Emin 2q ∑k |φ↑↑|2 ∑k |φ↓↓|2 ∑k |φ↑↓|2
2 -4.682 -2 0.995 0.00003 0.00234
2 -2.695 0 0.987 0.0004 0.0063
6.9 -1.08 -2 0.924 0.00548 0.0354
6.9 -0.811 -1 0.855 0.0186 0.0633
6.9 -0.0123 0 0.373 0.196 0.216
7.09 0 0 0.25 0.25 0.25
(a) (b)
FIG. 3. Induced resonance with symmetric interactions. (a) Bound-
state energy in the top band as a function of scattering length a, where
Ω = 2Er. The solid and dashed lines are dimensionless bound state
energy E¯q = (Eq −2Emin)/(2Er) at q = 2q0 and 0 respectively. (b)
Scattering length a vs Raman strength Ω at resonances. The solid and
dashed lines are for COMM 2h¯q0 and 0 respectively. The resonances
in the middle band (red lines) occur almost simultaneously for Ω <
4Er, and the red dashed line is simply described by
√
−Emin/Er.
onances can be induced at finite scattering lengths with finite
Raman strength.
For symmetric interactions a↑↑ = a↓↓ = a↑↓ = a, as shown
in Fig. 3(a) and (b) , resonance condition E2q0 = 2Emin and
E0 = 2Emin are satisfied in the top band at two different scat-
tering lengths for Ω < 4Er. There are totally three different
resonances that one can induce by tuning Raman strength Ω
for each band, but due to symmetry E2q0 = E−2q0 , they are lo-
cated at only two different scattering lengths. When Ω > 4Er,
there is only one induced resonance for each band as q0 = 0.
With asymmetric interactions a↑↑≫ a↓↓ = a↑↓, for fixed a↓↓
and a↑↓, the bound-state energy displays different behavior
as a functions of 1/(k0a↑↑) in different bands. When a↑↑ in-
creases, only the top bound-state band can reach the lowest
scattering energy 2Emin. The other two bands are insensitive
to the change in a↑↑ as shown in Fig. 2(a). When Ω < 4Er,
as shown in Fig. 4, there are three induced resonances with
COMM 0,±2h¯q0. When Ω > 4Er, there is only one induced
resonance.
Effective interactions near Resonance. With finite Ra-
man strength, the effective interactions between atoms are no
longer described by the bare coupling constants, but given by
4(a) (b)
FIG. 4. Induced resonance with asymmetric interactions a↑↑ ≫
a↓↓ = a↑↓ and 1/(k0a↑↓) = 24. (a) Bound-state energy in the top
band as a function of scattering length a↑↑, where Ω = 2Er. The
solid, dashed and dotted lines are dimensionless bound state energy
E¯q = (Eq−2Emin)/(2Er) at q =−2q0,0,2q0 respectively. (b) Scat-
tering length a vs Raman strength Ω at resonances in the top band.
The solid, dashed and dotted lines are for COMM −2h¯q0, 0, and
2h¯q0 respectively.
the T -matrix which satisfying Bethe-Salpeter equation
T = G′+G′χT, (11)
where G′ is the 3 by 3 coupling matrix and χ is the pair sus-
ceptibility function. The solution of Eq. (11) is given by
T−1 =− m
4pi h¯2


A1− 1
a↑↑
C3
√
2C1
C3 A2− 1
a↓↓
√
2C2
√
2C1
√
2C2 A3− 1
a↑↓

 . (12)
With symmetric interactions a↑↑ = a↓↓ = a↑↓ = a, the cou-
pling matrix G′ is proportional to the identity matrix and
Eq. (12) can be rewritten as,
T−1 =
m
4pi h¯2
(
1
a
I− χ ′), (13)
where I is the identity matrix and χ ′ is the modified pair
susceptibility function. From Eq. (13), the T -matrix can be
solved explicitly,
T−1 =
m
4pi h¯2
U(
1
a
I−λ )U−1, (14)
where λ and U are eigenvalue and unitary transformation ma-
trices of χ ′, χ ′ = Uλ U−1, λi j = δi j(1/aires) and 1/aires is the
i-th eigenvalue of χ ′. A resonance occurs whenever the scat-
tering length a is near aires. The effective interactions near a
resonance a = aires can be approximated by
Tml ≈
4pi h¯2airesa
m(aires− a)
UilU
i
m, (15)
where l,m, i refer to the scattering channels ↑↑, ↓↓ and ↑↓.
With asymmetric interactions a↑↑ ≫ a↓↓ ≈ a↑↓, we obtain
each matrix element of T in the leading order of a↑↓ as given
by
T
↑↑
↑↑ =
4pi h¯2
m
(
1
a↑↑
− χ ′↑↑↑↑)−1,
T ll =
4pi h¯2
m
al ,
T
↑↑
l = T
↑↑
↑↑ χ
′l
↑↑al ,
T
↑↓
↓↓ = T
↑↑
↑↑
[
χ ′↓↓↑↓(
1
a↑↑
− χ ′↑↑↑↑)+ χ ′↓↓↑↑χ ′↑↑↑↓
]
a↓↓a↑↓, (16)
where l refers to either the scattering channel ↓↓ or ↑↓. To the
leading order of a↑↓, the dominant interaction near resonance
is in the ↑↑ channel, T↑↑↑↑ = 4pi h¯
2
m
( 1
a↑↑
−A1)−1 and the resonance
occurs at a↑↑ = A−11 where A1 = χ
′↑↑
↑↑ as given in Eq. (8).
Discussion and Conclusion. In experiments, 87Rb atom gas
with Raman-induced SOC is a common platform for studying
spin-orbit coupled bosons [27]. Usually, a pair of Raman laser
beams couple two hyperfine states, |↑〉 = |F = 1,mF = 0〉
and |↓〉 = |F = 1,mF =−1〉. The scattering lengths of dif-
ferent channels are almost equal a↑↑ ≈ 100.8a0,a↓↓ = a↑↓ ≈
100.4a0, with 1/(k0a↑↓) ≈ 24 for Raman laser wavelength
804.1 nm [5, 28]. The Raman strength can be tuned up to
the order of 10Er. At Ω = 10Er, we find for symmetric inter-
actions the resonance positions is at a = 780a0, much larger
than the scattering lengths. It is difficult to observe the in-
duced resonance by adjusting SOC alone. However the scat-
tering length a↑↑ is tunable by Feshbach resonance [29]. It
is possible to observe the induced resonance in the region
a↑↑ ≫ a↑↓ ≈ a↓↓. For example, at Ω = 10Er, the resonance
position is given by a↑↑ = 1242a0, for 1/(k0a↑↓) = 24 shown
in Fig. 4(b), available by Feshbach resonance in experiments.
When Ω < 4Er, three resonances can be observed instead of
one.
The resonance induced by SOC has important effects in a
Bose gas. Near the resonance, severe particle loss is expected
to occur which may be used as a tool to locate the resonance.
Over the resonance, the effective interaction turns into an at-
tractive interaction, and the system is expected to collapse at
low temperatures. The effective interaction is strongly mod-
ified by SOC near the resonance, and interaction-determined
many-body properties are expected to be different from pre-
dictions of the simple mean-field theory, which will be the
subject of our future work.
In summary, we study bound state bands and resonances in
a Bose gas with SOC. We find that finite Raman strength gen-
erates coupling among different scattering channels, leading
to the reconstruction of bound-state bands. The resonance po-
sitions are also shifted due to finite Raman coupling strength,
and the effective interactions near these resonance are ob-
tained. We predict that by tuning the scattering length in one
intra-species channel, the resonance induced by SOC can be
observed in rubidium-87 systems.
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